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Abstract

The wave field created by a pulsed point source of sound in a uniform homogeneous flow with an arbitrary value of the Mach
number is theoretically studied. The aim of research is to obtain an analytical dependence of the sound field on physical parameters.

The space-waveguide Fourier expansion of the sound field is used to solve the Cauchy problem for the wave equation in
a reference frame moving together with the medium. It is only necessary to transform the spatiotemporal dependence of the source,
given in a fixed frame of reference, to a dependence in a moving frame of reference.

The transition to the description of the solution in the frame of reference, relative to which the medium moves at a constant
velocity, is made taking into account the main properties of the generalized Dirac 6-function.

Analytical dependences of the sound field on physical parameters are obtained for both subsonic and supersonic flows. A com-
parison is made with the results of calculations for the case of a pulsed point source moving in a medium at rest. The solution obtained
in this work for the case of an impulsive source moving in a medium at rest made it possible to trace its connection with the Green’s
function for a stationary source in a moving medium. The analytical dependence of the obtained solution for the Green’s function makes
it possible to write down the explicit form of the «characteristic solution surfacey, that is, the «wave front». It is shown that the difference
between the solutions for subsonic and supersonic motion is characterized by the position of the source relative to the moving wavefront.

The calculation results can be used to describe the sound field created by an arbitrary spatiotemporal distribution of sound sources.

Keywords: Fourier expansion, Cauchy problem, causality principle, properties of the 6-function, delay, wavefront, Mach number.

DOI: 10.21303/2461-4262.2023.002743

1. Introduction

Perturbation of the state of the medium in any small volume causes them to propagate in
the medium in the form of acoustic vibrations under the influence of inertia and elasticity forces.

In the presence of motion of the medium, acoustic phenomena become much more complica-
ted in comparison with the case of a motionless medium. Firstly, there is a «demolition» of the area
of propagation of sound vibrations, and secondly, there is a scattering of sound waves in inhomo-
geneous flows. Accordingly, the mathematical apparatus necessary for describing these processes
becomes more complicated.

Studies of acoustic phenomena in a moving medium have a long history. Information about the
early stage of research is presented in the well-known monograph [1]. The book systematizes the theo-
retical developments accumulated by that time on the acoustics of a moving medium, a significant part
of which is the result of research by the author himself. The propagation of sound in a constant flow, the
approximation of geometric acoustics in an inhomogeneous moving medium, the problems of moving
sources and receivers of sound, including those placed in a flow of a moving medium, are analyzed.

Later studies by the beginning of the 2000s are detailed in the monograph [2]. The content
of the monograph covers a much larger range of studies, in particular, for stratified media, random-
ly inhomogeneous media, etc.
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The state of the problem under study is currently presented to a certain extent in the review
article [3]. The review provides information about Green’s functions in free space, in a half-space,
and in closed spatial domains. By the nature of the time dependence, the reduced Green’s functions
refer either to the solution of the wave equation or the Helmholtz equation in the case of a mono-
chromatic source. The cases of stationary and moving media are presented.

An analysis of the available publications indicates a small number of studies of the Cau-
chy problem, which is quite significant in acoustics of moving media, for a pulsed point sound
source (Green’s function). For example, in [1], an expression was proposed for the Green’s function
in a uniform flow containing errors, which were noted in [2]. The inconsistency in the mathematical
transformations of the wave equation led to an incorrect result. The review [3] presents the solution
obtained by the authors of [4] using the fourfold space-time Fourier transform, which is limited by
the subsonic velocity of the medium. A similar solution of the same problem [5] by another method
is also limited to the case of a subsonic flow. Therefore, the search for a solution to the problem
under study for arbitrary values of the Mach number of the moving medium remains an urgent task.

The aim of research is to determine the wave field created by a stationary impulsive sound
source in an unlimited moving medium. The solution of such a problem in physics is usually called
the Green’s function.

The objectives of research are the formulation of mathematical conditions and equations, by
solving which it is possible to obtain analytical dependences of the desired solution for the Green’s
function on physical parameters.

In order to establish the relationship between the sought-for Green’s function and the wave
field created by a pulsed source when it moves in a medium at rest, the corresponding calculations
are included among the research tasks.

2. Materials and methods

The main object of this study is the inhomogeneous wave equation for the velocity potential
in an inertial frame of reference (IFR), relative to which a homogeneous medium moves uniformly at
a constant velocity @. The density of volumetric sound sources on the right side of the wave equation is
represented as a pulsed point source. The coefficients of the considered equation are constant, which
makes it possible to use the Fourier method of separation of variables when solving the equation.
With a certain choice of the Cartesian coordinate system, the problem has rotation symmetry around
an axis parallel to the vector 7, which greatly facilitates the solution. To separate the process of «car-
rying» sound from the process of propagation of sound vibrations, the Galilean transformation from
a fixed IFR to an IFR moving along with the medium is used. Under the inverse transformation, the
resulting solution takes into account the main properties of the generalized Dirac 3-function.

3. Results and discussion
In the frame of reference, relative to which the medium moves at a constant velocity 9, the
problem is reduced to solving the wave equation for the velocity potential \p(?,t):

Ly (7,t)=Q(7t), )

under the condition y (7,¢) = 0 for # < ¢’ (principle of causality), where Q (7,¢) the source of mass (the
source of volumetric velocity), which is identically equal to zero at ¢ <7, 7 =(x,y,z) — the radius
vector of the observation point, ¢ — time, L — wave operator in a homogeneous uniform flow [, 2]:

t(o _Y
L=—|=+0V| -A, Q)

ci

where ¢, — the velocity of sound, V — the Hamilton operator, A — the Laplacian.
A point pulsed sound source is located at a point 7” and acts at time ¢”:

Q(7,t)=8(F =7)d(t-1t"). 3)
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In order to simplify the calculations, let’s choose the beginning of the Cartesian coordi-
nate system at the point where the source is located and the beginning of the time reference at the
moment ¢ =0. Also, the direction of the z-axis is compatible with the direction of the velocity
vector 7 =(0,0,0,).

With this choice, the problem has rotational symmetry around the z-axis, which is extremely
important for efficient further calculations.

To move to a reference frame in which 7 # 0 and, ¢’ # 0 in the final results, it is possible to
replace 7 — 7 —7" and t—¢-t".

With the choice made, the operator L in formula (2) takes the form

L M .
“Z ot we e ey UM @

where the notation M, =v,/c, is introduced The coefficient (1 -M 22) in (4) changes sign upon tran-
sition to supersonic velocity (M, > 1) of the flow, on the basis of which it was assumed in [1] that
the wave equation (1) during such a transition changes its type from hyperbolic to ultrahyperbolic.
The erroneousness of this assumption follows from the study of the index of inertia of the quadratic
form that determines the characteristic equation [6].

Using a linear transformation of independent variables:

T =0t + Tyt =ty, )
operator L is transformed to the form:
1 92
L = g . E - Am . (6)
where
2 9> 9

7

Ap=—t—t—oro.
oxZ  dyr  09zk

The solution y(7,¢) for a point source (3) is usually denoted by G(7,t). In variables 7,,
t,» equation (1) is written as:

L,G,, = Lo Ay |G = Vs 8

mIm — E'E_ m m_Qm(rm, m): ()
where

Gy = G(fm + 5t,,,,tm), )

Qi (Futm) = 8(F + 0t )8t )- (10)

It follows from the form (6) that the index of inertia of the quadratic form corresponding to
the characteristic surface for equation (8) is equal to unity, and, therefore, the wave equation (1)
retains its hyperbolic type under any linear transformations of the independent variables [6].

In its physical meaning, the transformation of variables (5) is a Galileo transformation,
which corresponds to the transition from one inertial frame of reference, relative to which the me-
dium moves at a constant velocity 7, to another inertial frame, moving together with the medium.
With respect to this system, the medium is stationary and the operator L,, is a wave operator for
a stationary medium [1].

Given the choice of o =(0,0,0,) and 7" =0, ¢’ =0, the source looks like this:

Qo (st ) = 8(2) (Y )8 (2 + 0at) 3 (tm)- (11)
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Let’s represent it in the form of a spatially waveguide Fourier expansion:
dK,,,dQ - =
Tm, m J‘J.J‘m;Q(KmJJQ Zm)eXP[ (ij_rml - th )] (12)

Here, the integration is performed in infinite limits and the notation is used:
Tm1 = (xm,ym),kml = (KmxaKmy)

The Fourier amplitude in (12) is defined by the expression:
QKo @20 ) = [[[ o 1t Qun (Fs o exp[ iK1 Pt = Q) | (13)
Substituting (11) into (13), let’s obtain:
Q(I?mL,Q;zm) = jdtm exp(iQ2,,)8(6 )8 (20 + 0t ) = 8(21)- (14)

Let’s also represent the solution G, (Rm,tm) of the wave equation (8) in the form of the
Fourier expansion:

)= [f 0 R 0 Yoo (R —62,)) 15)

When (15) is substituted into (8), the differential operators are algebraized:

2

—G, »-K2G,
ot2

~AnGp —K2,6-G,
2

0% -~
where K2=Q2%/c2,G"= —G.
922,

As a result of this substitution, let’s arrive at a differential equation for the Fourier ampli-
tude G = G(Kml,Q;zm):

aG”+ /G’ +asG = 8(z,), (16)

where ag=—-1,a;=0, ay=-K2= —(K2 - K,%u).

Equation (16) corresponds to a special case of a stationary medium, the solution of which
for a; # 0 for a subsonic flow was considered in [5]. Using the results of [5], the solution of (16) can
be written as:

G(I%ml,g;zm) =- 'Kzl (szO). (17)

iK;

Substituting (17) into (15), let’s obtain the spatiotemporal representation G,;:

> - i dtw —iQ,
Gm(rm,tm)_Ej(Qn)Qe I, (18)
where
_ . 2w
I, :J.J.deJ_ (1/Kz)exp|:z(KmlrmJ_ +Kz|zm|):| = _T_elKrmy (19)
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according to the Weyl expansion of a spherical wave in terms of plane waves [7, 8]. Substitution
(19) into (18) leads to the result:

1

" 4,

Gn (7m7tm)

1 71‘9(%7’—”) 1 7
smldme L e 6("”‘5)’ 0

which is a well-known expression for the Green’s function of an impulsive sound source in a refer-
ence frame relative to which the medium is at rest. To determine the Green’s function in the frame
of reference, relative to which the medium is moving, it is necessary in (20) to perform the trans-
formation inverse to the transformation (5) #, — 7 — 0¢, t,—t.

With such a transformation:

Tm = X5 + Y2 + 25 =\/x2+y2+(z—vzt)2. 2D

Taking into account (9), from (20) let’s obtain:

G(Ft)= ! 3(g(t)), (22)

4,

where 7, is expressed in terms of 7, ¢ according to (21).
Argument of the d-function:

1 3
22 _
gt)=t Ca\/x +y?+(z-0st),
elementary transformation can be reduced to the form:
g(t)=A(0)/B(2), (23)
where

1 1
Alt)=t>- —2[r2 — 20,2t + v?tz], and B(t)=t+—+r? = 20,2t + 2.
Ca

Ca

Since A(?) is a quadratic polynomial, it can be represented as a product:
At)=(1-M2)(t - t1)(t - 1), (24)
where ¢, ; are the roots of the quadratic equation:

2y 2M,z . r? 0
ca(1—M22) c§(1—M§)_'

By elementary transformations, B(f) can also be reduced to the form:

B(t):t+\/t2—(1—M22)(t—t1)(t—t2). (25)

Simple calculations give the following expressions for the roots ¢ »:

~ M,z 1 P 22
t1,2——6a(1_M22)i\/(1_M22)2 [(1—M3)g+g} (26)

where the upper «+» sign corresponds to the root 7, and the lower «—» to the root #,. Let’s recall that:

rt=x?+y> 2 =rf+22
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The value of the denominator B(f) in (23) at = ¢, 5 is:
B(t12) =21, (27)

and the numerator A(¢) at t = ¢, , vanishes.
In the spherical coordinate system 7, =rsin6, z = rcos6 and formula (26) is as follows:

b o | Mecos [1-M2sin?6] 28)
112_Ca 1—M22 - (1—M22)2 zS .

For the case of subsonic flow (M 2< 1), the values of the square root in (26) are real, which
leads to the values ¢, >0 and #, <0. In the case of supersonic flow (M 2> 1), the square root values
are only valid if 1— M?2sin%0 >0 either:

) 1
sin@ <

=sin0yy, (29)
z
where 0,,= arcsin(1/M,) is the Mach angle.
In this case, both values of ¢, and ¢, are positive.
To apply the generalized Dirac d-function in formula (22) and its consequences, it is suffi-
cient to know its properties, and it does not matter at all from which representation this generalized
function is obtained [6]. One of them for simple zeros of the function g() is the following property:

To use this property of g’(¢,) for n=1, 2 in our case:
’ 1_ MZ2 2 a —1
g (t,)= T[8,,1 (t1—t2) + 8o (2 — 1) |+ (1= M2)(tw — 1) (2 —tQ)gB(t) |, (30)

Here §,,, 8, are the Kronecker symbols.

ad
The second term in formula (30) is equal to zero, if only gB(;ﬂ (=1, 1s a finite value:

EB* o 1 1+2tn—(1—M§)[8n1(t1—t2)+5n2(t2—t1)] _
ot~ O B (1) 2\/t,%—(1—M§)(tn—t1)(tn—t2)
- (2;)3 [4t,, — (1= M2)[81 (e~ t2) + 82t —t1)]] # o,
In this way,
g (t,)= %[am (t1—t2)+8ua(t2—t1) ], (n=1,2). (31)

From formulas (26), (28) it follows that:

(t1-t2)=—(t2 —t1):z\/(;2[22 +(1-M2)r?] - P iMEste. ()

Ca 1—M22) Call— M?2

The value of ,, at = ¢, ; in the denominator (22), taking into account (21) and (24), is equal to:

T

0= Cay 17— (1= M2) (ty = 11) (60— 12) = at, (n=1,2). 33)
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and formula (22) can be rewritten as:

NS 3(¢—ty)
G(7,t)= —EQ—M" preni (34)

where the denominator, taking into account (32) and (33), is equal to:

2r

Caln tn)|=catn |1 M2|\/1 MZsin?0 —r\/1 MZsin?e. (35)
Substituting (35) into (34), let’s obtain:
1
G(Ft)= [5 t—t)+8(t—1t3)]- (36)

in 71— M2sin?

In [5], formula (39) for the Green’s function looks as follows:

1 1

Nz ———8(t -’ —1).
) 4T ,71 1—M2 ( )

When @ =(0,0,0,) there is M? = M2, i, =7 -7, t; = "

AJ1— M2 =nr/1— M2sin20,

n .
1= (M, cos0+ 1= MZ5in70),

ca(i—MZZ)

which coincides with ¢, in formula (28) of these calculations. The value of #, in a subsonic flow is
negative, and therefore d(t—,) =0 in formula (36), which, up to the notation r—t,, —ry, coincides
with formula (39) from [5].

In supersonic flow, both values ¢, >0 and #, >0 are valid for observation points inside the
Mach cone (1— M?2sin?0 > 0) and, as will be seen below, correspond to observation points on the
front and back of the wave front.

Observation points 7, at which the acoustic disturbance emitted by the source at time ¢’ =0
arrives with a delay ¢, form a surface, the equation of which is determined by the zeros of the ar-
gument of the d-function in (36):

x=x(Ft)=t-t12(F,M.)=0. 37)

This surface is a «wave fronty, i.e. characteristic surface [6]. To verify this, it is necessary
to calculate the first derivatives ¥/, X%, Xy, x> With respect to the variables ¢, x, y, z respectively:

X , Yy r_ 4 M, — z
a(i-M2)R T T ca(1—M3)+ca(1_M§)2R’

x=1 =% +—Ca(1_M22)R

where the abbreviation is used:

1 2 2),.2
R=\/m[z +(1—Mz)rl].

For the surface x(?,t) =0 to be characteristic, the calculated derivatives must satisfy iden-
tically the differential equation [6], which in our case has the form:

1

06 =06 =) - (1-M2)ce)' +2
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Substituting here the calculated derivatives, after simple calculations, it is possible to verify
that this equality holds.

Using expression (26) for ¢, and rearranging the terms to get rid of the square root, the
wavefront surface equation (37) can be reduced to the form:

2
i — 1 252 _ 2),.2
lCat+ cﬂ(1—M§)] _(1—M22)2 [Mzz +(1 Mz)r ]

This implies:
(cat)’ = (r? = 20,2t + 02?) = (F — 5t) = 1. (38)

Surface (38) at time t is a sphere of radius 7, = ¢,t, the center of which is shifted from the
origin along the z axis to the point 7, = o¢. The direction of the normal 7 at each point 7 = (x,y,2)
at each moment of time ¢ coincides with the direction of the radius of the sphere connecting the
points 7, and 7, (Fig. 1, 2), therefore:

7 = (7 +1it) = (3 + cati)t, (39)

v

Fig. 1. Geometry of the wave front during subsonic motion of the medium

Tl A

v

Fig. 2. Geometry of the wave front during supersonic motion of the medium
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By definition [6]:
a
—=(0+c.) =14,

dt
is the «velocity vector in the direction of the beamy, and its component in the direction of the normal 7 :

(uni)n = [(ﬁﬁ) + ca] 7 — «vector of the wave velocity of the front of the traveling wave».

If to use formula (28) for ¢, ; in a spherical system, then for M, <1 at time ¢, the value » = r(0)
on the surface of the wave front is equal to:

1-M?
r(0)=cut- , (40)
—Mzcose+\/MZ2 cos20+1—M?2
7(0) = cot + 0st = Ty,
7(1) = at = 0st = Tyin.
For the case M, > 1, a similar dependence is given by the formula:
1-M?
r(0)=cut - | =12(8), [E5))

M, cos8+/1- M2sin?8

where |1 - M?
denominator.
From formula (41) it follows that:

=M? —1, and indices 1, 2 correspond respectively to the signs «+» or «—» in the

71(0) = (vz _Ca)t = Nmin,

> (0): (Uz +Ca)t = P2 max,
71 (8a) =7 (80 ) =ty02 + 2.

Obviously, for angles 0 <0,,, the value r,(0) corresponds to the values on the front of the
wavefront, and r(0) corresponds to the values on the back, which is clearly shown in Fig. 2.

Let’s set ourselves the goal of clarifying the connection between the obtained Green’s func-
tion (36) and the wave field of a point source moving in a homogeneous medium at rest. In this case,
the wave operator in equation (1) for the velocity potential:

L= Lo A 42
T 42)

and the density of bulk sources:
Q(F.t")=8(t" ;)8 (¥ - 7(t)), é3)

where #; is the moment of pulse emission, 7(¢)=7# +V (¢ ) is the equation of the trajectory of
the source with a velocity V, 7, is the point where the source is located at the time ¢ = ¢,
The Green’s function for the considered case of a stationary medium is known:

1 1
G(f-f’,t—t')=4n|;—_;,5(f‘t"g|7-7'l)- @4)
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The velocity potential y(7,¢) is given by the convolution of the source density and the
Green’s function:

y(76)=[de [dFG(F -7t —1)Q(7.t). 45)

Choosing the initial values 7y =0, 7% = 0 let’s obtain

1, 8t~ 1
w(?,t)=EJdt’(—)5[t—t’——

|7 -] v

}. 46)

Usually, in the literature, the case of a moving point source, but not a pulse source, is con-
sidered [9, 10].

The presence in (46) of a multiplier in the form of a generalized d(#—¢;)-function introduces
its own peculiarities into the calculation of the integral. If to introduce the replacements v° = ¢,
and T = t-t,, then integration over dt’ = dt’ leads to the result:

W(f,t)=m5(“é ]E; (8(7), “7)

7 —Vt; 3§
' 47t|72+Vr| &
whereﬁ:?—VtiE 5+ Vt, i =7 —Vt, and

i

1, -
7+ V1. 48)

Let’s transform g(t) in the same way as it was done when obtaining formula (22):
At

B(v)
).

where A(t)=1? _caiZV + Vt|2 = (1—M§)(T -1)(t-1y

~—

8(1)

Here M3 =V?/c2, and 1, , are the roots of the quadratic equation:

N/ 2
(1—M§)[12— My ]:0. 49)

ca(1-M3)  c?(1-M3)

By elementary transformations, the denominator B(t) can also be transformed to the form:

1
B(t)=t+— vz

a

% +I7I| = T+|’E2 —A(T)|
For t=1,, there is B(t; ») = 21, 2 and therefore:

g ()= (1—M§)|:%(11 —12)+%(12 —11):|.

Ty
Calculations similar to those performed in obtaining formulas (30)—(36) lead to the result:

1
- _M2cin2
4m’2\/1 M35 sin” 0,

v (7,t) [3(t—11)+8(1-12)] (50)

where the roots 1) » of the quadratic equation (49) are:

. 2
_ 7-2M2 1 (72M2) T22
T1’2_ca(1_M22)ia (1_M22)2+1—M2’ (51)

MQZV/Cav
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and
SiIl2 92 = 7’22J_/1’22 = (X% +y22)/7’22 ’

Let’s move from the reference system 7, ¢ to 7, t5, having made the Galilean transformation
7 =17y + Vty, t =t,. The wave operator L upon transformation takes the form:

1(a ?
L2=g($—VV2J = Ay, (52

where V, and A, are the Hamilton and Laplace operators with respect to the variable 7. In order
for L, to coincide with the operator L in (1) for a moving medium, one should choose V = - (the
velocities in these two problems are equal in absolute value, but oppositely directed). Since when
passing 7, f, let’s obtain 8(? - Vt) = 8(1’2), and o(—t;) = d(t,—t;), then (taking into account the choice
7 =0, 1'=0 specified after formula (3)) let’s obtain Q(7,¢)=38(7)8(¢2). Thus, the problem of
a moving source turns into a problem of a stationary source in a moving medium.

It remains to be seen what the solution \p(?,t) defined by formula (50) will look like un-
der such a transformation. Considering that V =9, let’s obtain My, =—-M =-7/c,, and hence
My = —#M = —rM, cos®, in formula (51) for the roots Ty 2. Let’s recall that the z-axis is directed
along the vector 7, so M = (0,0,M, = M). The angle 6, is the angle between the z-axis and 7. Up to
the notation 7 — 7, 6 — 8, the roots T in formula (51) coincide with the roots ¢, , in formula (26).
Consequently, the velocity potential qf(?,t) in formula (50), with the same difference in notation,
coincides with the Green’s function in formula (36) for a stationary source in a moving medium.

Let’s recall that formula (36) for the Green’s function was obtained in a reference frame
in which the origin of the Cartesian coordinate system coincides with the source (7' =0), and the
origin of time coincides with the moment of emission of the sound disturbance (#'=0). In addi-
tion, the direction of the z-axis coincides with the direction of the flow velocity vector @. In the
frame of reference obtained as a result of the shift transformation 7/ #0, ¢’ # 0 variables 7 and ¢
in formula (36) should be replaced by 7 —7" and t—¢’, respectively, and cos® =(z - 2’)/ |F —7’| and
|sin®| =|7_ - 7{|/|F — 7’| in formula (28) for 7, ,.

In this transformed form, the Green’s function can be used to describe the sound field cre-
ated by an arbitrary spatiotemporal distribution of sound sources. In this case, the sound field is
represented as a convolution of the Green’s function and the distribution density of sources (the Du-
hamel integral) [5]. Such a representation using the Green’s function makes it possible to establish
the relationship between the acoustic fields of a point high-frequency pulsed source and a mono-
chromatic source [5], for which the acoustic pressure presented in [11] in the wave zone (k7> 1)
coincides with the results presented in [2, 10].

4. Conclusions

The transition from solving the problem under consideration in a fixed IFR to solving it in
an IFR moving together with the medium makes it possible to separate the process of sound drift
from the process of medium oscillations under the influence of inertia and elasticity forces. This
makes it possible to use the Fourier transform in the form of a spatial waveguide expansion for the
solution, not only in the case of subsonic flow, which was carried out earlier, but also in the case
of supersonic flow. In this latter case, such a decomposition of the solution is not feasible in the
traditionally used IFR associated with a stationary source.

According to the results of the performed calculations, the difference between the obtained
solutions for the subsonic and supersonic modes of motion of the medium manifests itself in the
location of the moving wave front relative to the stationary sound source.

In the problem of a moving source in a stationary medium, this difference is also determined
by the location of the wave front relative to the source, but moving in this case.

Let’s note that the Green’s function defined in this work is the exact solution of the ma-
thematical problem formulated at the beginning of the article, and therefore does not contain any
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restrictions related to the calculation process. The practical use of the results of the solution is
determined by how close the parameters of the medium (homogeneity and uniformity of the flow)
in a particular physical situation are to the values considered in the article. For small deviations
of the parameters in a certain space-time region, the results obtained can be considered as a zero
approximation of the perturbation theory.
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